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Introduction

T HE global positioningsystem (GPS) has demonstrated its util-
ity not only for positionmeasurementbut also for attitudemea-

surement because GPS-based attitude sensors are economical and
drift free. Using the GPS to measure attitude requires solving two
problems: initialization, that is, carrier-phasecycle ambiguity reso-
lution, and attitude determination from differential range measure-
ments.The focusof thispaper is on the secondproblem.Speci� cally,
it is demonstrated how attitude can be resolved when the GPS an-
tennas in the antenna array are coplanar, but the unit vectors to the
GPS satellites are not.

To determine the attitude of a vehicle relative to some � xed ref-
erence frame (hereafter referred to as the inertial or I frame), di-
rection or vector measurements of objects whose relative locations
are known in the inertial frame can be used. Estimating attitude
from vector measurements is known as Wahba’s problem1 and has
a closed-form solution.

When attitude is calculatedusing the GPS, the distancesbetween
pairs of antennasmounted in a vehicle-�xed array alongunit vectors
to GPS satellites are measured using the GPS carrier-phase mea-
surements. In other words, measurements are projected distances
or differential range measurements in known directions. A pair of
antennas in the array forms a baseline, and each baseline vector is
known in the vehicle’s local frame (hereafter referred to as the ve-
hicle or V frame). Differential range measurements can be viewed
as measurements of the cosines of the angles between the base-
lines (known in vehicle coordinates)and the unit vectors to the GPS
satellites (known in inertial coordinates).Mathematically,
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where ri; j is the differentialcarrier-phaserange measurement along
baseline i to satellite j , Os I

j is the line-of-sightunit vector to satellite
j coordinatized in the inertial or I frame, bV

i is baseline vector
i coordinated in the V frame, and ºi; j is measurement noise. The
superscripts I or V will denote coordinatizationin the I or V frame,
respectively.VAI is an orthonormal transformationfrom the I to the
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V frame. For ease of notation, VAI will be denoted by A. The T
superscript denotes the transpose operator, and the caret indicates
unit length.There are m baselinesand n satellites.Note that a vector
or matrix will be written in boldface, whereas scalars will not be.

Previous GPS attitude determination research has focused on a
variety of related topics including initialization,major error sources
such as multipath, and attitude determinationalgorithms.Cohen, in
Ref. 2, gives a good introductionto the subject.He outlines the GPS
attitude problem and illustrates how a least-squaresapproach could
be used to solve iteratively for the vehicle’s attitude. Another algo-
rithm developedby Cohen will be discussed later.Other authors3¡10

used the numerous mathematical properties of the attitude determi-
nation problem to apply different solution techniques that, in some
cases, incorporatedplatform dynamics.

Orthogonal Procrustes Problem
It will be shown that determinationof attitude from GPS carrier-

phasemeasurementscanbe formulatedas an “orthogonalProcrustes
problem” (see Ref. 11). Brie� y, the orthogonal Procrustes problem
seeks a solution to

min
A

kX1 ¡ X2Ak2
F subject to AT A D I (2)

where k ¢ kF denotes the Frobenius norm. Equation (2) is equivalent
to maximizing tr.AT XT

2 X1/, which is accomplished by computing
the singular-valuedecomposition (SVD) of XT

2 X1 so that
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The solution matrix A is then formed as A D UVT . If desired, A
can be forced to be proper or right-handedwhen set to A D UCVCT ,
where, for any 3 £ 3 orthonormalX,

XC ´ X
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Attitude Determination and the Orthogonal
Procrustes Problem

The nm differential range measurements in Eq. (1) can be col-
lected into an m £ n measurement matrix R, where element ri; j is
the differential range measurement along baseline i to satellite j .
The m baselinevectorscan be collected into a 3 £ m baselinematrix
BV , and the n line-of-sightunit vectors to the spacecraft can be col-
lected into a 3 £ n satellite matrix S I . The problem of determining
A can then be posed as

min
A

kR ¡ .BV /T ASI k2
F subject to AT A D I (5)

For ease of notation, the frame designations superscripts I and V
will be dropped for the remainder of this analysis.

Determination of attitude from GPS carrier-phasemeasurements
can be transformed into an orthogonalProcrustesproblemin one of
two ways. In the � rst method, R ¡ BT AS is postmultiplied by the
pseudoinverseST .SST /¡1, denoted by S† (Ref. 12). If S is full rank,
Eq. (5) is altered to become

min
A

kRS† ¡ BT Ak2
F subject to AT A D I (6)
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Note that the solutions to Eqs. (5) and (6) are not the same. The
closed-form solution to Eq. (6) is given by

G ´ BRS† (7)

U6VT D SVD.G/ (8)

A D UCVCT (9)

In the second method, a solution is sought to the transposed
problem

min
A

kRT ¡ ST AT Bk2
F subject to AT A D I (10)

Now, RT ¡ ST AT B is postmultipliedby thepseudoinverseofB (pro-
vided that B is full rank), and AT is solved for by

U6VT D SVD.SRT B†/ (11)

AT D UCVCT (12)

The important difference between these two solutions lies in
which matrix must be full rank. The � rst method [Eqs. (7–9)] re-
quires S to be full rank so that S spans three dimensions. In the
absence of a full-rank constraint on B, the GPS antennas can be
coplanar when solving for attitude using the � rst method, an inno-
vative feature not previously known to a closed-form GPS attitude
solution. The second method [Eqs. (11) and (12)] requires B to be
full rank. This second method could be applied when the baselines
are noncoplanar and satellite geometry is poor.

Because the original problem speci� ed in Eq. (5) was altered
differently in each of the two methods, the cost functions to be
minimized differ, as do the resulting attitude solutions. Therefore,
if both S and B are full rank, both methods can be applied but
will yield different solutions. Note that vehicle attitude should be
resolvable if there are only three baseline antennas and two GPS
satellites provided one knows which side of the array the satellites
are on. Neither of the two solutions presented can solve for attitude
in this scenario.

The solution derived by Cohen et al.13;14 merits special mention.
Although the authors derived their solution differently, it will be
shown that their solution method simpli� es to the second method
outlined in Eqs. (11) and (12). Brie� y, Cohen et al.13 rewrote the
GPS attitude problem in a manner similar to Wahba’s problem1 as

min
A

®®W
1
2
B [R ¡ BT AS]W

1
2
S

®®2

F
subject to AT A D I (13)

WB and WS were symmetric baseline and satellite weighting ma-
trices. WB was set to VB §¡2

B VT
B , where VB and §B come from the

SVD of B D UB §B VT
B . All singular values of B were necessarily

constrained to be greater than zero, and therefore, the baselines had
to be noncoplanar.After some manipulation, it was shown that the
SVD of BW B RWSST D U§VT provided a closed-form solution in
A D UVT . If WS is set to the identity matrix, then BW B RW SST

simpli� es to B†T RST , which is the transpose of the matrix to be
decomposed in Eq. (11).

Sensitivity Analysis
The sensitivity analysis presented here, a precursor to the subse-

quent covariance analysis, begins by closely following the method
� rst outlined by Markley.15 Brie� y, as the change in attitude from
the inertial to the vehicle frame approaches zero, the angular per-
turbations to the true attitude vector can be expressed as

[££] D ¡.±A/AT (14)
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Markley shows that

£ D UCD¡1z (16)

where
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6i is the i th singular value of G de� ned by Eq. (7) as BRS† or by
Eq. (11) as SRT B† and ° ´ det.U/det.V/. The vector z is de� ned
by

[z£] ´ [UCT .±G/VC]T ¡ UCT .±G/VC (18)

Equation (18) can be rewritten in vector form as

z D
3X

i D 1

¡
£
VCT Oei £

¤
UCT ±GOei (19)

where Oei is a unit vector in the i th direction.Equation (16) becomes

£ D ¡UCD¡1
3X

i D 1

£
VCT Oei £

¤
UCT ±GOei (20)

Equation (20) approximates the attitude sensitivity to perturbations
in G.

Covariance Analysis
If the expected values of ±G are zero, then, to � rst order, the

expected value of £ is also zero, and the attitude estimate is unbi-
ased. The � rst-order approximation to the covarianceof the attitude
estimate error P2 is then given by

P2 D Ef££T g (21)
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where

Mi; j ´ ±GOei OeT
j ±GT (24)

and E denotes the expectation.What value to use for M dependson
the statistics of ±G.

Note that, if either B or S is not full rank, then information will
be lost when computing P2 because some input noise directions
will generate no output because G will be of rank two. Therefore,
Eq. (23) should be applied only when both B and S are full rank.
As an example, consider the case when B is of rank two, that is,
the baselines are coplanar, and ±G is dominated by measurement
noise so that ±B and ±S can be assumed to be negligible. For the
� rst method, ±G »D B±RS†, and therefore,

Mi; j D B±RS† Oei OeT
j S†T ±RT BT (25)

Mi; j D B±RTi; j ±RT BT (26)

Ti; j ´ S† Oei OeT
j S†T (27)

Furthermore, suppose that the measurement noise between any
satellite-baselinepair can be assumed to be uncorrelated with any
other. For this particular example, the lack of correlation between
elements of ±R means that Ef±RTi; j ±RT g will be diagonal with
elements

E
©
±RTi; j ±RT

ª
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D
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ª
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822 J. GUIDANCE, VOL. 26, NO. 5: ENGINEERING NOTES

Although ±RTi; j ±RT could be full rank, multiplication by a rank-
de� cient B in Eq. (26) results in a loss of information, and Eq. (23)
no longer accurately approximates the attitude error covariance. In
practical terms for this example, one or more diagonal terms in P2

will appearas zero when in fact correlationsdo exist. This argument
can be extrapolatedto realize that, as the conditionnumber of either
B or S degenerates, the � delity of P2 as a true representation of
attitude error uncertainty decreases.

Conclusions
The determination of attitude from differential GPS range mea-

surements was posed as an orthogonal Procrustes problem so that
a closed-form solution could be found. It was shown that the at-
titude determination problem could be solved in not one but two
different methods. The � rst method allowed for coplanar baselines,
whereas the second method allowed for planar satellite geometry.
Subsequent sensitivity and covariance analysis showed that both
solutions yielded unbiased estimates. For small attitude changes, a
general expression was derived for the covariance of the attitude
solution that showed how poor geometry could adversely affect so-
lution quality.
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I. Introduction

G UIDANCE applications in ground-to-air systems are charac-
terized by high requirements in terms of small miss distances

against fast moving targets. Modern defense systems are typically
equipped with highly sophisticated subsystems, both onboard the
intercepting missiles and as part of the supporting systems, for
example, radar systems, enabling good estimates of the intercep-
tion time to go. Guidance methods that exploit such estimates are
more likely to become candidatesfor realistic applications,whereas
simple proportional-navigation (PN) guidancewill usuallyfall short
with respect to satisfying the tough requirements.

It is well known that PN (with N 0 D 3) is, in fact, an optimal
strategy for the linearizedproblem,1;2 when the cost J is the control
effort, as follows:

J D
Z t f

0

u2.t/ dt (1)

where u is the missile’s lateral acceleration and t f is the collision
time (the elapsed time from the beginning of the end game till
interception).

Improved guidance schemes can be obtained with an appropri-
ate selection of a cost function that replaces J (see Ref. 2). This
paper employs an exponential term in J . (See Refs. 3 and 4 for
exponentiallyweighted quadratic performance index.)

We let

J D
Z t f

0

e¡k.t f ¡ t/u2.t/ dt (2)

The motivation for this cost is for guiding aerodynamicallymaneu-
vering ground-to-airmissiles that loose their maneuverabilityas the
air density decreases. Because the air density can be approximated
by an exponential term (as a function of altitude), it makes sense
to weigh maneuvers in this manner, whereby the penalty for late
maneuvers is higher than for earlier ones. As will be shown, this
cost leads to a new PN law with a time-varying navigation gain.

The paper is organizedas follows: In the next section the standard
two-dimensional problem geometry and the mathematical model-
ing will be reviewed. The problem formulation and analysis by
the optimal control theory will be presented in Sec. III. In Sec. IV
some numerical results are presented, and in Sec. V the Note is
summarized.
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